Introduction and Statement of the Results

We present a theory of continuous bounded cohomology of locally compact groups with coefficients in Banach modules. A central rôle is played by amenable actions, as they give rise to relatively injective resolutions.
Further, we propose a substitute for the Mautner property, based on the virtual subgroup viewpoint, and we show (Theorem 6) In the spirit of relative homological algebra, we give for a locally compact second countable group G a functorial characterization of the continuous bounded cohomology of G with coefficients.
The resolutions and the notion of relatively injective objects (Definition 1.4.2) are set up in the category of continuous Banach G-modules, while the coefficients are mainly duals of separable continuous Banach Gmodules (henceforth called coefficient modules), including notably separable continuous unitary representations, L ∞ spaces and trivial coefficients. We emphasize that on all Banach G-modules, the G-action is isometric. If E is a coefficient module and S a regular measure G-space (see Definition 1.3.1), let L ∞ w * (S, E) be the space of weak-* measurable essentially bounded maps; we consider the resolution
where d is the standard homogeneous coboundary operator. If S = G, we call this the standard resolution and define the continuous bounded cohomology H • cb (G, E) to be the cohomology of the associated non-augmented complex of invariants, endowed with the quotient semi-norm. In the functorial approach, we show that this standard resolution is indeed relatively injective. However, for an actual computation of the bounded cohomology, it is desirable to size down the G-space S, while keeping the above resolution relatively injective. Our first result is a necessary and sufficient condition on the G-space S for this to happen. Theorem 1. Let G be a locally compact second countable group and S a regular G-space. The following assertions are equivalent With this cohomological characterization at hand, we establish the following result, which is indeed the starting point of our applications; we insist on the fact that the claimed isomorphisms between cohomology groups are isometries of semi-normed spaces. Theorem 2. Let G be a locally compact second countable group, S an amenable regular G-space and E a coefficient G-module. There is a canonical isometric isomorphism between the continuous bounded cohomology
of bounded measurable invariant cochains on S. The same holds for the subcomplex of alternating bounded measurable invariant cochains.
Example 3. If G is an amenable group, we may take S to be a one point space and deduce H n cb (G, E) = 0 for all n ≥ 1 and every coefficient module E. This is but a new approach to an old result of B.E. Johnson [Jo] .
Example 4. Let G be a connected semi-simple Lie group, Γ < G a lattice and P < G a minimal parabolic subgroup. Using Theorem 2 we obtain for real coefficients a canonical isometric identification H
